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A NOTE ON p-ADIC LOCALLY ANALYTIC FUNCTIONS
WITH APPLICATION TO BEHAVIOR OF THE p-ADIC
VALUATIONS OF STIRLING NUMBERS
PIOTR MISKA
Abstract. The aim of this paper is to prove conjectures concerning p-
adic valuations of Stirling numbers of the second kind S(n, k), n, k ∈ N+,
stated by Amdeberhan, Manna and Moll and Berrizbeitia et al., where
p is a prime number. The proof is based on elementary facts from p-adic
analysis.
1. Introduction
At the beginning of the paper, we denote the set of non-negative integers
(i. e. positive integers with 0 included) by N while the set of positive integers
(with 0 excluded) by N+.
Let n, k ∈ N+. The Stirling number of the second kind S(n, k) counts
the number of partitions of a set with n elements into exactly k nonempty
subsets. Using a simple combinatorial reasoning one can obtain the recur-
rence
S(n+ 1, k + 1) = S(n, k) + (k + 1)S(n, k + 1), n, k ∈ N+,
with initial conditions S(1, 1) = 1, S(1, k) = 0 for k > 1 and S(n, 1) = 1
for n ∈ N+. The exact formula for the Stirling numbers of the second kind
takes the form
S(n, k) =
1
k!
k∑
j=1
(−1)k−j
(
k
j
)
jn.
It is worth to note that the numbers k!S(n, k) also have a combinatorial
interpretation. Namely, k!S(n, k) is the number of all surjections of a set
with n elements onto a set with k elements.
Let us recall that for a prime number p and a nonzero rational number
x we define the p-adic valuation vp(x) of the number x as a number t ∈
Z such that x = a
b
pt, where a ∈ Z, b ∈ N+, gcd(a, b) = 1 and p ∤ ab.
Moreover, we put vp(0) = +∞. The problem of computation of the p-
adic valuations (with emphasis on 2-adic valuations) of Stirling numbers
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of the second kind and their relatives generated a lot of research, e.g. [7,
10, 11, 16, 20, 21, 26]. The Stirling numbers of the second kind appear in
algebraic topology. Their connections with algebraic topological problems
can be found in [2, 8, 12, 13, 14, 17, 22]. Amdeberhan, Manna and Moll in [1]
and Berrizbeitia, Medina, Moll, Moll and Noble in [5] stated two conjectures
on the behavior of the p-adic valuations of the numbers S(n, k). In order to
formulate these conjectures we will denote by [a]d the congruence class of
an integer a modulo a positive integer d:
[a]d = {n ∈ Z : n ≡ a (mod d)}.
Moreover, for a sequence (c(n))n∈N+ of rational numbers we will write
c ([a]d) = {c(n) : n ∈ [a]d, n ∈ N+} .
In particular,
S ([a]d, k) = {S(n, k) : n ∈ [a]d, n ∈ N+}
for k ∈ N. Consequently,
vp (c ([a]d)) = {vp(c(n)) : n ∈ [a]d, n ∈ N+}
and
vp (S ([a]d, k)) = {vp(S(n, k)) : n ∈ [a]d, n ∈ N+}
for a prime number p. Fixing a sequence (c(n))n∈N+ of rational numbers
and a prime number p we say that a congruence class [a]d is constant with
p-adic valuation t if vp (c (n)) = t for each n ∈ [a]d. Every congruence class
that is not constant will be called non-constant. The value min vp (c ([a]d))
(if exists) will be called the least p-adic valuation of the class [a]d. Then the
first conjecture, concerning the 2-adic valuations of Stirling numbers of the
second kind, can be presented in the following way.
Conjecture 1 (Conjecture 1.6. in [1]). Fix a number k ∈ N+. Then there
exist m0(k) ∈ N+ and µ(k) ∈ N such that for any integer m ≥ m0(k) there
are exactly µ(k) non-constant congruence classes [a]2m modulo 2
m and each
non-constant class modulo 2m splits into one constant and one non-constant
class modulo 2m+1.
The authors of [1] proved the above conjecture for k ≤ 5. Their work
was continued by Bennett and Mosteig in [3], who proved this conjec-
ture in case 5 ≤ k ≤ 20. Conjecture 1 in a slightly different form was
proved by Davis in [9] for partial Stirling numbers of the second kind
S2(n, k) =
1
k!
∑k
j=1,2∤j(−1)
k−j
(
k
j
)
jn, where k ≤ 36. It is remarkable that
according to Conjecture 1 all the numbers S(2n, k), n ≫ 0, have the same
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2-adic valuation. The independence of 2-adic valuation of S(2n, k) on n was
noticed by Lengyel in [19]. He conjectured and proved in some cases that
(1.1) v2(k!S(2
n, k)) = k − 1
for every non-negative integer n such that 2n ≥ k. The above equality in
full generality was proved by De Wannemacker in [26].
For an odd prime number p and positive integer m we put
Lpm = (p− 1)p
⌈logp k⌉+m−2.
Then the sequence (S(n, k) (mod pm))n∈N≥k is ultimately periodic with pe-
riod Lpm (see [4, 6]). Now we are ready to present the second conjecture,
which generalizes the first one for arbitrary prime number p.
Conjecture 2 (Conjecture 5.4. in [5]). Fix a positive integer k and a prime
number p such that k < p. Then there exist m0(k) ∈ N+ and µ(k) ∈ N
such that for any integer m ≥ m0(k) there are exactly µ(k) non-constant
congruence classes [a]Lpm modulo Lpm and each non-constant class modulo
Lpm splits into p− 1 constant and one non-constant class modulo Lpm+1.
The above conjecture implies that, under certain conditions, for any
a ∈ N and sufficiently large n ∈ N the p-adic valuation of the number
S(apn(p− 1), k) is independent on a and n. This fact was proved by Gessel
and Lengyel in [15] provided that k
p
is not an odd integer. More precisely,
they gave a formula
(1.2) vp(k!S(ap
n(p− 1), k)) =
⌊
k − 1
p− 1
⌋
+ τp(k),
where τp(k) ∈ N. It is not clear in general what values τp(k) can take. The
formula for τp(k) is given for p ∈ {3, 5}. Moreover, τ(k) = 0 for k being
a multiple of p − 1. As we can see, the formula (1.2) is a generalization of
(1.1).
We will say that a congruence class [a]d of an integer a modulo a positive
integer d is almost constant with p-adic valuation t if vp(S(n, k)) = t for
almost all positive integers n ∈ [a]d. The congruence class which is not
almost constant will be called essentially non-constant. If the limit
lim inf
n→+∞,n∈[a]d
vp(cn) =: lim inf vp(S([a]d, k))
exists then it will be called the ultimate minimal p-adic valuation of the
class [a]d. Now we are ready to state the theorem describing the behavior
of the p-adic valuations of the Stirling numbers of the second kind.
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Main Theorem 1.1. Fix a positive integer k and a prime number p. Then
there exist m0(k) ∈ N+ and µ(k) ∈ N such that for any integer m ≥
m0(k) there are exactly µ(k) essentially non-constant congruence classes
[a]pm−1(p−1) modulo p
m−1(p − 1). Moreover, each essentially non-constant
class [a]pm−1(p−1) modulo p
m−1(p−1) splits into p−1 almost constant classes
[a1]pm(p−1), ..., [ap−1]pm(p−1) modulo p
m(p− 1) such that
vp(S([at]pm(p−1))) = {min vp(S([a]pm−1(p−1)))}, t ∈ {1, ..., p− 1},
and one essentially non-constant class [a0]pm(p−1) modulo p
m(p− 1) with
0 < min vp(S([a0]pm(p−1)))−min vp(S([a]pm−1(p−1))) < k −
⌊
k
p
⌋
.
More precisely, for each essentially non-costant congruence class
[a]pm0−1(p−1) modulo p
m0−1(p−1) there are α ∈ Z and l ∈
{
1, ..., k −
⌊
k
p
⌋
− 1
}
such that for each m ≥ m0 the ultimate minimal p-adic valuation of the
unique essentially non-constant class modulo pm−1(p − 1) contained in
[a]pm0−1(p−1) is equal to α + l(m−m0).
In case of p > k in the above statement we can omit words “almost”,
“essentially” and “ultimate”. Then, for each non-costant congruence class
[a]pm0−1(p−1) modulo p
m0−1(p− 1) there are β ∈ Z, l ∈
{
1, ..., k −
⌊
k
p
⌋
− 1
}
and x0 ∈ Zp such that vp(S(n, k)) = β + lvp(n− x0) for n ∈ [a]pm0−1(p−1).
Remark 1.2. In cases of k = 1 or k = p = 2 one can straightforward check
vp(S(n, k)) = 0 for all n ∈ N+. Hence the statement of Theorem 1.1 remains
true in these cases, although the set
{
t + 1, ..., t+ k −
⌊
k
p
⌋
− 1
}
is empty.
In fact, we then have no non-constant classes with respect to the sequence
(S(n, k))n∈N+.
2. Elementary p-adic analytic approach
In order to prove Theorem 1.1 we will use some basic facts about the
field of p-adic numbers and p-adic locally analytic functions.
First, let us recall the construction of the field of p-adic numbers. For
every rational number x we define its p-adic norm |x|p by the formula
|x|p =
{
p−vp(x), when x 6= 0
0, when x = 0
.
Since for all rational numbers x, y we have |x+y|p ≤ min{|x|p, |y|p}, hence p-
adic norm gives a metric space structure onQ. Namely, the distance between
rational numbers x, y is equal to dp(x, y) = |x − y|p. The field Q equipped
with the p-adic metric dp is not a complete metric space. The completion of
Q with respect to this metric has a structure of a field and this field is called
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the field of p-adic numbers and denoted by Qp. We extend the p-adic valu-
ation and p-adic norm on Qp in the following way: vp(x) = limn→+∞ vp(xn),
|x|p = limn→+∞ |xn|p, where x ∈ Qp, (xn)n∈N ∈ Q
N and x = limn→+∞ xn.
The values vp(x) and |x|p do not depend on the choice of a sequence (xn)n∈N,
thus they are well defined. For the proofs of these facts one can consult [23].
We define the ring of integer p-adic numbers Zp as a set of all p-adic
numbers with non-negative p-adic valuation. Note that Zp is the completion
of Z as a space with the p-adic metric. In the sequel we will use the fact
that Zp is a compact metric space.
We assume that the expression x ≡ y (mod pk) means vp(x− y) ≥ k for
prime number p, an integer k and p-adic numbers x, y.
By p-adic continuous function we mean a function f : S → Qp defined on
some subset S of Qp, which is continuous with respect to the p-adic metric.
Assuming that S is an open subset of Qp, we will say that f is differentiable
at a point x0 ∈ S, if there exists a limit limx→x0
f(x)−f(x0)
x−x0
. In this situation
this limit will be called the derivative of f at the point x0 and denoted by
f ′(x0). If f is differentiable at each point of its domain then we will say that
f is a p-adic differentiable function and the mapping S ∋ x 7→ f ′(x) ∈ Qp
is the derivative of f . Recursively we are able to define the higher order
derivatives of f as follows: f (1)(x) = f ′(x) and if f (n) is a p-adic differentiable
function for n ∈ N+ then we define f
(n+1)(x) =
(
f (n)
)′
(x). Finally, still
assuming S to be an open subset of Qp, we will say that f : S → Qp is a p-
adic locally analytic function if for each x0 ∈ S there exists a neighbourhood
U ⊂ S of x0 and the sequence (an)n∈N of p-adic numbers such that for any
x ∈ U the series
∑+∞
n=0 an(x − x0)
n is convergent and its sum is equal to
f(x). A p-adic locally analytic function f is continuous, arbitrarily many
times differentiable and f (n)(x0) = n!an for n ∈ N (see [23]).
If f : Zp → Qp is a p-adic locally analytic function then we can easily
obtain a description of the p-adic valuations of numbers f(n), n ∈ N.
Theorem 2.1. Let f : Zp → Qp be a p-adic locally analytic function.
Then there exist m0 ∈ N+ and µ ∈ N such that for any integer m ≥ m0
there are exactly µ non-constant congruence classes [a]pm modulo p
m with
respect to the sequence (f(n))n∈N+ and each non-constant class modulo p
m
splits into p−1 constant classes [a1]pm+1, ..., [ap−1]pm+1 modulo p
m+1 with p-
adic valuation equal to min vp(f([a]pm)) and one non-constant class [a0]pm+1
modulo pm+1 with
min vp(f([a0]pm+1)) > min vp(f([a]pm)).
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More precisely, for each non-costant congruence class [a]pm0 modulo p
m0
there are β ∈ Z, l ∈ N+ and x0 ∈ Zp such that vp(f(n)) = β + lvp(n− x0)
for n ∈ [a]pm0 . In particular, for each non-costant congruence class [a]pm0
modulo pm0 there are α ∈ Z and l ∈ N+ such that for each m ≥ m0
the minimal p-adic valuation of the unique non-constant class modulo pm
contained in [a]pm0 is equal to α + l(m−m0).
Proof. Choose an arbitrary x0 ∈ Zp. We consider three cases.
Case 1. If f(x0) 6= 0 then vp(f(x0)) < +∞. By continuity of f there exists
a neighbourhood Ux0 ⊂ Zp of x0 such that vp(f(x)− f(x0)) > vp(f(x0)) for
each x ∈ Ux0. As a consequence, we have vp(f(x)) = vp(f(x0)) for x ∈ Ux0 .
Case 2. There exists a neighbourhood Ux0 ⊂ Zp of x0 such that f(x) = 0
for each x ∈ Ux0 and then vp(f(x)) = +∞.
Case 3. There holds f(x0) = 0 and f is not identically equal to zero function
on any neighbourhood of x0. Then for some neighbourhood Ux0 ⊂ Zp of x0
we can write f(x) =
∑+∞
n=l an(x− x0)
n for x ∈ Ux0 , where l > 0 and al 6= 0.
Since
lim
x→x0
+∞∑
n=l
an(x− x0)
n−l = al,
we may assume without loss of generality that the neighbourhood Ux0 is so
small that vp
(∑+∞
n=l an(x− x0)
n−l
)
= vp(al) for each x ∈ Ux0 . Then
vp(f(x)) = vp
(
+∞∑
n=l
an(x− x0)
n
)
= vp
(
+∞∑
n=l
an(x− x0)
n−l
)
+ vp
(
(x− x0)
l
)
= vp(al) + lvp(x− x0).
For each x0 ∈ Zp we take Ux0 specified in the above cases. We may choose
Ux0 to be a ball in the p-adic metric:
B(x0, p
−m) = {x ∈ Zp : |x− x0|p ≤ p
−m} = {x ∈ Zp : vp(x− x0) ≥ m}
= {x ∈ Zp : x ≡ x0 (mod p
m)},
where m ∈ N. Let us notice that B(x0, p
−m)∩Z = [x1]pm for any integer x1
satisfying x1 ≡ x0 (mod p
m). The family {Ux0}x0∈Zp is an open cover of Zp.
By compactness of Zp we may choose x1, ..., xr ∈ Zp such that {Uxj}
r
j=1 is
a cover of Zp. We write Uxj = B(xj , p
−mj ) for j ∈ {1, ..., r}. Every two balls
in the p-adic metric are either disjoint or one contains the second one. Hence
we can choose a finite subcover (Uxj )
r
j=1 to be consisting of pairwise disjoint
balls. We put m0 = max1≤j≤r mj. Let us consider the balls B(i, p
−m0),
i ∈ {0, ..., pm0 − 1}. They are a partition of Zp. Fixing i ∈ {0, ..., p
m0 − 1}
there exists j ∈ {1, ..., r} such that B(i, p−m0) ⊂ B(xj , p
−mj). If xj is as
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in case Case 1 or Case 2 in the above reasoning then #{vp(f(x)) : x ∈
B(i, p−m0)} = 1 and, as a result, the congruence class [i]pm0 is constant.
If xj is as in Case 3 and vp(i−xj) < m0 then for x ∈ B(i, p
−m0) we have
f(x) =
∑+∞
n=l an(x− xj)
n and
vp(f(x)) = vp(al) + lvp(x− xj) = vp(al) + lvp((x− i) + (i− xj))
= vp(al) + lvp(i− xj).
Thus the congruence class [i]pm0 is constant. On the other hand, if xj is as in
Case 3 and vp(i−xj) ≥ m0 then vp(f(x)) = vp(al)+lvp(x−xj) and we easily
conclude that for each m ≥ m0 there exists exactly one non-constant class
[h]pm (namely the class of h ≡ xj (mod p
m)) contained in [i]pm0 . This class
splits into p − 1 constant classes modulo pm+1 and one non-constant class
modulo pm+1. Each non-constant class modulo pm, m ≥ m0, corresponds
to one j ∈ {1, ..., r} such that xj is as in Case 3. Hence the number µ
postulated in the statement of our theorem is the number of indices j for
which xj is as in Case 3. In other words, µ is the number of the isolated
zeros of the function f . 
The reasoning in the proof of Theorem 2.1 recalls us that the set of zeros
of a p-adic locally analytic function f : Zp → Qp is a union of a finite subset
and a clopen subset of Zp. This fact is used in a proof of basic version
of Skolem-Mahler-Lech theorem that if (c(n))n∈N+ is a sequence of rational
numbers given by a linear recurrence c(n+k) = α0c(n)+...+αk−1c(n+k−1)
for some α0, ..., αk−1 ∈ Q then the set {n ∈ N+ : c(n) = 0} is a union of
a finite set and finitely many arithmetic progressions (see [25]).
The next fact that we utilize to prove the main result of the paper
is a generalization of the lifting the exponent lemma. This generalization
describes the behavior of the p-adic valuations of a linear combination of
exponential functions. Let us see that if p is an odd number and a is a p-adic
integer congruent to 1 modulo p, i.e., vp(a− 1) ≥ 1, then writing a = 1+ pb
for some b ∈ Zp we can expand the expression a
x for x ∈ N as follows:
(2.1) ax = (1 + pb)x =
x∑
j=0
(
x
j
)
pjbj =
+∞∑
j=0
bj(x)j
pj
j!
,
where (x)j = x(x − 1) · ... · (x − j + 1) for j ∈ N+ and (x)0 = 1 means
Pochhammer symbol. The series on the right-hand side of the equation (2.1)
is convergent for every x ∈ Zp. Hence we are able to extend the exponential
function ax for x ∈ Zp defining it as
∑+∞
j=0 b
j(x)j
pj
j!
. The function ax, x ∈ Zp,
defined in a such way, is a p-adic locally analytic function (see [23]). In
particular, this function is continuous. This fact combined with the identity
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ax+y = axay for x, y ∈ N and the density of N in Zp implies the identity
ax+y = axay for x, y ∈ Zp.
The above preparation becomes to be true for p = 2 if we assume that
v2(x) ≥ 1.
Assuming that p is a prime number and a is a p-adic integer of the form
a = 1+ pb for some b ∈ Zp, we define the p-adic logarithm of the number a
as follows:
logp a =
+∞∑
j=1
(−1)j−1
j
(a− 1)j =
+∞∑
j=1
(−1)j−1bjpj
j
.
One can see that the series defining the p-adic logarithm is convergent.
Hence the function logp x is a p-adic locally analytic function defined on
the closed ball B(1, p−1). We have logp a1 + logp a2 = logp a1a2 for any
a1, a2 ∈ B(1, p
−1) and the derivative of the function ax (of variable x ∈ Zp)
is equal to ax logp a for a ∈ B(1, p
−1) (see [23]). Moreover, logp a = 0 if and
only if a is a root of unity (see [24]). Since a ≡ 1 (mod p), we conclude that
logp a = 0 only for a = 1 or p = 2 and a = −1.
Now we are ready to state and prove the announced generalization of
the lifting the exponent lemma.
Theorem 2.2. Let p be a prime number and k ∈ N+, k ≥ 2. Assume
that a1, ..., ak are pairwise distinct p-adic integers congruent to 1 modulo
p. In case of p = 2 we assume additionally that
aj
ai
6= −1 for any i, j ∈
{1, ..., k}. Let c1, ..., ck ∈ Qp\{0}. Assume that a number x0 ∈ Zp is a zero
of the function f(x) =
∑k
i=1 cia
x
i , x ∈ Zp. Then there exist an integer α,
a positive integer l < k and a non-negative integer m such that for any
t ∈ Zp congruent to x0 modulo p
m we have vp(f(t)) = α + lvp(t − x0). In
particular, x0 is an isolated zero of the function f .
Proof. From the previous theorem we know that there exist α ∈ Z, l ∈ N∪
{+∞} andm ∈ N such that vp(f(t)) = α+lvp(t−x0) for any t ∈ B(x0, p
−m),
where l = inf{n ∈ N : f (n)(x0) 6= 0} (we set that inf∅ = +∞). Hence it
remains to prove that l < k. If we assume the contrary, then f (n)(x0) = 0
for any n ∈ {0, ..., k − 1}. On the other hand,
f (n)(x0) =
k∑
i=1
cia
x0
i (logp ai)
n, n ∈ N.
Then the k-tuple (cia
x0
i )
k
i=1 is a non-zero solution of the system of linear
equations
∑k
i=1(logp ai)
nXi = 0, 0 ≤ n ≤ k− 1, with unknowns Xi, 1 ≤ i ≤
k. However, the matrix of this system is the Vandermonde matrix for values
logp ai, 1 ≤ i ≤ k. Hence its determinant is equal to
∏
1≤i<j≤k(logp aj −
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logp ai) 6= 0, since the values ai, 1 ≤ i ≤ k, are pairwise distinct and no
ratio of the form
aj
ai
6= −1. Thus the only solution of this system is zero.
The contradiction shows the inequality l < k. 
Remark 2.3. It is worth to see that in general the value l in the statement
of Theorem 2.2 can be greater than 1. Let us take any two distinct integers
a, b congruent to 1 modulo p if p > 2, or congruent to 1 modulo 4 if
p = 2. Then the function f(x) = (a2)x + (b2)x − 2(ab)x vanishes at 0 and
f ′(0) = logp a
2 + logp b
2 − 2 logp ab = 0. Thus l > 1. On the other hand, by
Theorem 2.2 we have l < 3. As a result, l = 2 and finally there exist α ∈ Z
and m ∈ N that vp(f(x)) = α + 2vp(x) for x ∈ B(0, p
−m).
In fact, if we fix k, then l may attain every value from the set {0, ..., k−1}.
It suffices to choose c1, ..., ck ∈ Qp such that
∑k
i=1(logp ai)
nci = 0, 0 ≤ n ≤
l − 1, and
∑k
i=1(logp ai)
lci 6= 0. We are able to choose such c1, ..., ck since,
as we noted in the proof of Theorem 2.2, the determinant of the system of
equations
∑k
i=1(logp ai)
nXi = 0, 0 ≤ n ≤ k − 1, is non-zero. Then for some
integer α we have vp(f(x)) = α+ lvp(x) for any x sufficiently close to 0 with
respect to the p-adic metric.
Unfortunately, fixing k > l > 2 we do not know if we can choose a1, ..., ak
to be integers and c1, ..., ck to be rational numbers. Hence, in case a1, ..., ak ∈
Z, c1, ..., ck ∈ Q we do not know about the value l anymore than from
Theorem 2.2.
3. Proof of Theorem 1.1
Let us denote, as in [7],
Tp(n, k) =
k∑
j=1,p∤j
(−1)k−j
(
k
j
)
jn.
From the preparation before Theorem 2.2, if j ∈ Z is not divisible by p then
for a ∈ {0, ..., p− 2} the function N+ ∋ n 7→ j
a+n(p−1) ∈ Z extends to a p-
adic locally analytic function defined on Zp. Hence for each a ∈ {0, ..., p−2}
the function N+ ∋ n 7→ Tp(a + n(p − 1), k) ∈ N is a restriction of a p-adic
locally analytic function fa,k : Zp → Zp to N+. Thus we apply Theorem
2.1 and Theorem 2.2 to each function fa,k and we obtain m0,a and µa as
specified in the statement of Theorem 2.1. We thus put
m0 = m0(k) = 1 + max
0≤a≤p−2
m0,a
and
µ = µ(k) =
p−2∑
a=0
µa.
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Then there holds the statement of Theorem 1.1 for the sequence Tp(n, k)
with the words “almost” and “essentially” ommited.
If p > k then S(n, k) = 1
k!
Tp(n, k) and the statement holds with omitted
words “almost” and “essentially”. Let us fix a non-constant class [a]pm0−1(p−1)
modulo pm0−1(p− 1). Each member of this class can be written in the form
n = a0 + n˜(p − 1), where a0 = a mod p− 1. Then, by Theorem 2.1 and
Theorem 2.2, we have β ∈ Z, l ∈ {1, ..., k − 1} and x˜0 ∈ Zp such that
vp(S(n, k)) = vp(S(a0 + n˜(p− 1), k)) = vp(fa0,k(n˜)) = β + lvp(n˜− x˜0)
for n ∈ [a]pm0−1(p−1). Putting x0 = a0+x˜0(p−1), since vp(n−x0) = vp(n˜−x˜0),
we get
vp(S(n, k)) = β + lvp(n− x0)
for n ∈ [a]pm0−1(p−1).
In general
S(n, k) =
1
k!

Tp(n, k) + ∑
0<j≤k,p|j
(−1)k−j
(
k
j
)
jn

 .(3.1)
Certainly, vp
(∑
0<j≤k,p|j(−1)
k−j
(
k
j
)
jn
)
≥ n. Hence, if [a](p−1)pm−1 is a con-
stant class with respect to (Tp(n, k))n∈N+ with the p-adic valuation t then,
by (3.1), vp(S(n, k)) = t − vp(k!) for each n ∈ [a](p−1)pm−1 satisfying n > t.
On the other hand, if [a](p−1)pm−1 is a non-constant class with respect to
(Tp(n, k))n∈N+ then it contains infinitely many constant classes with respect
to (Tp(n, k))n∈N+ with pairwise distinct p-adic valuations. Hence the num-
bers vp(S(n, k)), n ∈ [a](p−1)pm−1 , attain infinitely many values and the class
[a](p−1)pm−1 is not almost constant with respect to (S(n, k))n∈N+.
4. Concluding remarks
Theorem 1.1 states that for a given prime number p and a positive in-
teger k there exists m0 = m0(k) ∈ N+ such that for each essentially non-
costant congruence class [a]pm0−1(p−1) modulo p
m0−1(p − 1) with respect to
the sequence (S(n, k))n∈N+ and the prime number p there are α ∈ Z and
l ∈
{
1, ..., k −
⌊
k
p
⌋
− 1
}
such that for each m ≥ m0 the ultimate mini-
mal p-adic valuation of the unique essentially non-constant class modulo
pm−1(p− 1) contained in [a]pm0−1(p−1) is equal to α + l(m −m0). However,
we do not know any example of a prime number p, a positive integer k and
an essentially non-constant class modulo pm0−1(p − 1) with respect to the
sequence (S(n, k))n∈N+ and the prime number p for which l > 1.
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Problem 4.1. Do there exist a prime number p and positive integers k, a
such that [a]pm0−1(p−1) (m0 as specified in the statement of Theorem 1.1) is
an essentially non-constant class modulo pm0−1(p − 1) with respect to the
sequence (S(n, k))n∈N+ and prime number p for which the value l specified
in the statement of Theorem 1.1 is greater than 1?
We can show, that if a < k < p, then l must be equal to 1.
Theorem 4.2. Let k, a be positive integers and p be a prime number such
that a < k < p. Then for each positive integer n ≡ a (mod pm0−1(p − 1))
there holds vp(S(n, k)) = vp(S(a+ p
m0−1(p− 1), k)) + vp(n− a)−m0 + 1.
In particular, for each positive integer m ≥ m0, [a]pm−1(p−1) is the only
non-constant class modulo pm−1(p−1) contained in [a]pm0−1(p−1) and its least
p-adic valuation is equal to vp(S(a+ p
m0−1(p− 1), k)) +m−m0.
Proof. We have S(a, k) = 0. Since k < p, by Theorem 1, we have β ∈ Z and
l ∈ N+ such that
(4.1) vp(S(n, k)) = β + lvp(n− a)
for n ≡ a (mod pm0−1(p − 1)). Putting n = a + pm0−1(p − 1) in (4.1) we
obtain β = vp(S(a+ p
m0−1(p− 1), k))− l(m0 − 1). It suffices to prove that
l = 1. We have S(a + n(p − 1), k) = 1
k!
fa,k(n) for n ∈ N, where fa,k(x) =∑k
j=1(−1)
k−j
(
k
j
)
ja(jp−1)x, x ∈ Zp, is a p-adic locally analytic function. Since
fa,k(0) = S(a, k) = 0 and vp(fa,k(n)) = vp(S(a+n(p−1)))−vp(k!), we thus
infer that l = inf{i ∈ N : f
(i)
a,k 6= 0}. Hence it remains us to show that
f ′a,k(0) 6= 0. Indeed,
f ′a,k(0) =
k∑
j=1
(−1)k−j
(
k
j
)
ja logp(j
p−1) = logp
(
k∏
j=1
j
(−1)k−j(kj)j
a(p−1)
)
.
Let us note that for k ≥ 2, by Tshebyshev theorem there exists a prime
number q such that k
2
< q ≤ k. Then the q-adic valuation of the number∏k
j=0 j
(−1)k−j(kj)j
a(p−1) is equal to (−1)k−q
(
k
q
)
qa(p− 1) 6= 0. This means that∏k
j=0 j
(−1)k−j(kj)ja(p−1) 6∈ {−1, 1} and from our preparation about the p-adic
logarithm we conclude that
f ′a,k(0) = logp
(
k∏
j=0
j
(−1)k−j(kj)ja(p−1)
)
6= 0.

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